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Abstract: We reconsider the low-energy effective theory for Higgs-less electroweak sym- 
metry breaking: we study the anomaly-matching in the situation where all Goldstone fields 
disappear from the spectrum as a result of the Higgs mechanism. We find that the global 
SU (2)^ X SU (2)^ X U symmetry of the underlying theory, which is spontaneously 

broken to SU(2)i+/j x U(1)b_l, has to be anomaly-free. For the sake of generality, we 
include the possibility of light spin-1/2 bound states resulting from the dynamics of the 
strongly-interacting symmetry-breaking sector, in addition to the Goldstone bosons. Such 
composite fermions may have non-standard couplings at the leading order, and an arbi- 
trary total B — L charge. In order to perform the anomaly-matching in that case, we 
generalize the construction of the Wess-Zumino effective lagrangian. Composite fermions 
beyond the three known generations are theoretically allowed, and there are no restrictions 
from the anomaly-matching on their couplings nor on their charge. Absence of 

global anomalies for the composite sector as a whole does not preclude anomalous triple 
gauge boson couplings arising from composite fermion triangular diagrams. On the other 
hand, the trace of B — L over elementary fermions must vanish if all Goldstone modes are 
to disappear from the spectrum. 
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1. Introduction 

The detailed dynamics of the electroweak symmetry breaking (EWSB) is so far unknown, 
and the possibility that it may be strongly-interacting above a few TeV scale is not ruled 
out. Below that scale, a systematic description would then be provided by a Low-Energy 
Effective Theory (LEET) following the lines initiated by Weinberg Q . In the limit of small 
momenta the effective theory remains weakly coupled and the relevant degrees of freedom 
remain light due to the underlying chiral and gauge symmetries. The LEET is formulated as 
a systematic expansion in powers of momenta. The list of light fields relevant at low energies 
whose mass is protected by a symmetry is then a required input. Here, we will assume a 
minimal content of the composite EWSB sector: the only light bosonic fields are the three 
Goldstone modes arising from the spontaneous breakdown of the symmetry SU (2)^ x 
SU (2)^ X U(l) — > SU(2)^^j:j X U(l), which is supposed to characterize the strongly- 
interacting symmetry-breaking sector at low energies (the underlying theory will be referred 
to as 'techni-theory'). In addition we introduce elementary fields external to the techni- 
theory: SU (2) X SU (2) Yang-Mills fields and the elementary fermion doublets. Once 
the elementary sector and the composite sectors are coupled, the three Goldstone bosons 
produce the masses of the and in the usual way. This scenario corresponds to the 
case of Higgs-less symmetry breaking, in which no light scalar remains in the spectrum. 
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Renormalization is then performed order-by-order in the low-energy expansion. Sim- 
ilarly, unitarity is gradually restored in the same momentum expansion, rather than in 
powers of coupling constants as would be the case for a renormalizable theory. In a LEET, 
even though observables do not depend on a cut-off or on a renormalization scale, there 
is an energy scale inherent to the theory above which the low-energy expansion becomes 
unreliable. In the case of Chiral Perturbation Theory (xPT) 0, this scale is known to 
be given by A ~ Airf [^], where / is the pion decay constant, although one may hope that 
the inclusion of additional states (resonances) in the LEET can push this scale up. In the 
case of EWSB, a similar reasoning leads to an estimate of A ~ 3 TeV . 

At a given level of accuracy, O {p^), O (p^),..., new renormalized low-energy constants 
appear in addition to loop contributions. Precision experiments can then be used to fix 
these constants, and this has been partially done previously, see e.g. ||5[ ||. The values of 
these constants reflect the details of the unknown dynamics of the techni-theory. In the 
past, different models for the techni-theory and for Higgs-less EWSB have been considered: 
for instance technicolor models Q, directly inspired by QCD, suggest values of O (p^) 
low-energy constants, which are at variance with electroweak precision tests ||8|, ^, |lO|, 
11, 12 1 . For a more recent discussion, see also p3| ]. More refined versions such as walking 



technicolor |14, 15, 16, |l^, 18 1, are not yet completely excluded Another particular 



example is the heavy Higgs limit of the Standard Model (SM) ||T9| , 20, 21, More recently. 



Higgs-less models [22, ^ have been revived, in connection with five-dimensional set- 
ups. The variety of this (incomplete) list incites us to approach the question in a model- 
independent way within a LEET, trying to understand the generic features of Higgs-less 
EWSB. 

In the Higgs-less LEET, difficulties arise first at the leading O (p^) order: given the 
standard power counting and the SU (2) x U (1) symmetry of the problem, one finds O (p^) 
operators, which are not observed experimentally. The problem is then to suppress these 
unwanted terms naturally — i.e. in connection with a symmetry. A systematic framework 
for the resolution of this problem has been proposed in [|25|: one appeals to a larger sym- 



metry, characteristic of the situation where the elementary gauge and elementary fermion 
sector on one hand and the composite symmetry-breaking sector on the other hand are 
decoupled. This larger natural symmetry is [SU (2) x SU(2)]'^ x U(l). The link between 
the two sectors is introduced via non-propagating spurion fields, which are assumed to 
be covariantly constant. The solution of these constraints is invariant under a reduced 
symmetry SU (2) x U(l), introducing the coupling between composite Goldstone modes 
and elementary fields. Using the relics of the spurious as small expansion parameters, the 
scheme gives a consistent description for the suppression of the aforementioned unwanted 
terms, namely non-standard couplings of fermions to vector bosons, and tree-level S pa- 
rameter. In addition, it allows for a description of fermion masses including mass-splittings 
within doublets at the same order as the masses themselves, standard CKM mixing and 
CP violation. 

In this paper, we address a second potential problem of Higgs-less effective theories 
concerning anomaly-matching [^6| , which requires clarification. The anomalous Ward iden- 
tities for the symmetry currents of the techni-theory have to be reproduced in the LEET 
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by light spin-0 or spin- 1/2 physical states [27|. In the absence of the latter, this amounts to 



the construction of a Wess-Zumino effective lagrangian involving the Goldstone fields 
It is not a priori clear how the anomaly-matching proceeds if all spin-0 physical states 
disappear from the spectrum due to the Higgs mechanism. Therefore, we consider the pos- 
sibility of light composite fermions as bound states of the techni-theory and investigate the 
anomaly-matching condition in a Higgs-less theory with this more general setting. Note 
that the distinction between composite and elementary fermions from the point of view of 
the underlying theory is clear: the first ones are not fundamental variables, but appear 
among the bound states as a consequence of the strong dynamics of the techni-theory, 
while the latter are introduced as fundamental fields external to the techni-theory. There- 
fore, elementary fermions do not participate in the anomaly-matching, given that they are 
described by the same fields both in the low and high-energy descriptions. 
The paper is organized as follows. 

In section ^, we give an overview of the content of the composite and elementary 
sectors, and their coupling via spurious. We show that, contrary to elementary fermions, 
composite fermions have non-standard couplings at O (p^) . 

Section |^ deals with the anomaly-matching between the techni-theory and its effective 
theory in the general case: we first study the variation of the generating functional for the 
Noether currents of the techni-theory. This variation is reproduced by a standard Wess- 
Zumino lagrangian in the absence of composite fermions. We show that, if such fermions 
are present, it is always possible to build a generalized Wess-Zumino action such that the 
sum of its variation and the variation of the composite fermion determinant reproduces 
the anomalies of the techni-theory, whatever the values of the non-standard couplings of 
the composite fermions. Therefore, the couplings of these composite fermions are uncon- 
strained, including the value of their V charge: there is no such constraint as the 
vanishing of the trace of B — L over composite fermions. 

The main result of the anomaly-matching in Higgs-less theories is presented in section |^. 
It concerns the techni-theory itself: its low-energy symmetry SU (2)^ x SU (2)^ x U 
must be anomaly-free if all Goldstone modes are to disappear from the spectrum via the 
Higgs mechanism. This statement is independent of the presence of composite fermions. 
The vanishing of the trace of B — L for elementary fermions is still required in order to 
allow for a consistent formulation of the Higgs-less EWSB. Notice that the logical status 
of this result is quite different from what happens in the SM, where it stems from the 
requirement of renormalizability. 

Finally, in section |5|, we give the appropriate formulation for the theory in the unitary 
gauge. In particular, we study the contribution of triangular diagrams involving composite 
fermions to triple gauge boson vertices. 

We conclude in section |6| by summarizing our main results and mentioning open ques- 
tions. 

2. Composite and elementary sectors 

In this section we describe the LEET at lowest order, distinguishing between the composite 
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sector resulting from the dynamics of the techni-theory and the elementary sector. In the 
bosonic sector, only the four elementary gauge fields that become the W^, and photon 
are introduced, together with the three real Goldstone bosons (composite fields) required to 
give them masses. These Goldstone bosons describe the spontaneous breaking of symmetry 
SU(2)^ X SU(2)^ — > SU(2)^^^ assumed to occur as a result of the strong dynamics of 
the techni-theory. In addition, we consider the case where the theory has a global vector 
symmetry U (1)^_^, which is required for our construction ^. 

The generating functional for the seven Noether currents J^^, J^^, for a = 1,2,3, 
and J]^_i^ that correspond to global symmetries of the techni-theory can be formally defined 
through the relation 

^iT[L^,R^,Bl\ ^ y(;^[2"]gi/dx£TT[T]+J2''[T]L-+J^''[T]i?^+J^_^[r]i30_ ^2.1) 

Here T collectively denotes the fundamental fields of the techni-theory and £tt is its — 
unspecified — lagrangian. The sources in principle allow us to extract Green's 

functions for the corresponding Noether currents. In fact, the reason we resort to a LEET 
stems from our ignorance: we do not know what the appropriate variables T are. Instead, 
we work with the representation of the techni-theory in terms of the low-energy variables, 
defined as an expansion in powers of momenta and other appropriate parameters ||l|. This 
expansion relies on the symmetries of the theory and the fact that the currents have to 
satisfy both normal and anomalous Ward identities. The latter are known up to a multi- 
plicative constant, which reflects the field content of the techni-theory at higher energies. 
The anomalous Ward identities obtained from the fundamental theory have to be repro- 
duced by the LEET itself. Before we turn to this anomaly-matching, we describe the 
low-energy representation of the symmetry-breaking sector, and then the elementary sec- 
tor, which is external to the techni-theory. We also briefly review how the coupling between 
the two sectors is introduced via spurious. 

2.1 Low-energy representation of the symmetry-breaking sector 



L 




R 









The minimal field content of the symmetry-breaking sector 
is a triplet of Goldstone bosons. As schematized in figure I, the 
Goldstone modes are parameterized in the LEET by an SU (2) 
matrix S transforming as pig^^^ ^. Xransforma- 

^ ^ ^ LSi?^ (2 2) ^^'^'^ properties of the 

' Goldstone bosons. 

with (L, R) £ SU (2)^ x SU (2)^. In order to deal with the Noether currents generated 
by the symmetries of the techni-theory, we consider local SU(2)^ x SU(2)^ transforma- 
tions and introduce the same sources first used in ( p.l| ) as connections in the covariant 
derivative Q 

D,,^ = - iL^S + iSi?^. (2.3) 



^In fact, the identification of the B ~ L transformation with the third component of the right isospin (to 
obtain the hypercharge transformation) will be obtained via the constraint applied on the spurion <j). This 
procedure allows us to maintain the SU (2) custodial symmetry in the lagrangian. 
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Up to anomalies, the lagrangian must be invariant if we simultaneously perform the fol- 
lowing transformations on the sources |29| 

^ LL^Lt + iL5^Lt, (2.4) 
I — > RRf,R^ + iRd^Rl (2.5) 

The power counting for the low-energy expansion is known Q 

d^,L^,R^,B^^ = 0{p'), (2.6) 
/,S = O(p0), (2.7) 

where / is the Goldstone boson decay constant. The energy scale A to which the momenta 
have to be compared to is known to be approximately equal to 47r/ [^. The leading-order 
O {p'^) lagrangian is then 

£53 = ^(0^^:0^^^:^), (2. 



4 \ / 

where (• • • ) denotes the trace of a two-by-two matrix. The full effective lagrangian is 
to be constructed as the most general expression satisfying the symmetry requirements, 
organized as an order-by-order expansion in powers of momenta. 

It is an open possibility, though not a necessity, that the techni-theory also produces 
light spin-1/2 bound states: composite fermions. These would then transform under the 
same SU (2)^ x SU (2)^:^ transformation as the Goldstone bosons, which are the other bound 
states of the techni-theory. By including composite fermions in the LEET, we are implic- 
itly assuming that they are light with respect to the scale A. This can be understood 



for instance if they play a role in the anomaly- matching |26|. Consequently, light com- 
posite fermions have to be included in a discussion of anomaly-matching for the sake of 
completeness. 



The left and right-handed composite fermion doublets are 

±_ 
2 



xi,R = (2.9) 



with the appropriate counting given by |^, ^] 

= O . (2.10) 



These fermions are taken to have identical charges under the U (l)^.^^ symmetry ^ 

Xl ^ 'xl = i?e-'^°°xi, (2-11) 
X% ^ \r = Le-'^^\% (2.12) 

Here, B — L is just a generic parameter characterizing each composite fermion doublet. 
Except for the U(l)^_^ symmetry, the transformation properties are summarized in 



Figure 0. We will mention briefly at the end of section 3.3 why other possibilities for the 



transformation properties of these fermions are not of interest in the context of this paper, 

^In order to conform to the standard notation dealing with anomahes, we will call the gauge function 
instead of /j" used in [M. 
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in connection with the anomaly- matching. The most general lagrangian of order O (p^) 
involving composite fermions and invariant under SU (2)^ x SU (2)j:j x U 

+ four-fermion interactions, (2-13) 

where the four-fermion interactions are suppressed by an unknown scale, which has no 
obvious relation to the scale A introduced above in connection with Goldstone fields. Con- 
sequently, we will neglect these four-fermion interactions in the sequel. The covariant 
derivative in (l2.13| ) is given by 

D,X' = d,x' - i { + '-^R, + i±^L,} x^ (2.14) 

where the U connection occurring in this covariant derivative transforms as follows 

B'^^Byd.a'. (2.15) 

Since composite fermions are directly coupled to the Goldstone bosons, a gauge invariant 
mass term can be included in £comp . ferm . ( 2.13|) 

■^comp . ferm . ^ ^ '^comp . ferm . ~ 1^ (^X'l^^ X'r + X/J^Xl^ • (2-16) 

There is nothing, in what we have described up to now, that forces the coefficient m 
appearing in front of this operator to be small. Notice however that, in order for this last 
term in ( |2.16D to be counted as O (p^) together with the kinetic term in ( 2.13| ) so as to 
reproduce the pole in the propagator, m should be counted as O (p^)- This is related to 
the need for a mechanism to keep this mass light: we are assuming that such a mechanism 
is at play, and therefore use the counting 

m = O [p^] . (2.17) 

At this level, mass-splittings within doublets are forbidden by the symmetry SU {2)j^ x 
SU(2)^xU(l)e_^. 

We have found that non-standard couplings 5l, Sr, « „ // 
whose strength are not fixed [^, are already present X_r « « 



L 



R 



at leading-order in (2.13), due to the symmetry being re- 
alized non-linear ly on the Goldstone fields ^. For elemen 
tary fermions, such non-standard couplings are suppressed Figure 2: Transformation prop- 
since they necessarily involve spurious, see erties of the composite fermions. 

This completes for the time being the effective low- 
energy description of the composite sector: the low-energy representation for the generating 
functional ( ^.iD is then 

gir[L^,i?^,BO] 

= y d [S] d [X""] ei/d^'CSB[S,L^„fl^,B0]+£,omp.form.[x^S,L^,R^,B0]+O(p4)^ ^^.IS) 

We now turn to the elementary sector, and to the coupling between the two sectors via 
spurious. 



^In the standard elementary Higgs model, these non-standard terms would appear as dimension six 
operator. 
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2.2 The elementary sector and spurion-induced couplings 

The elementary sector is external to the techni-theory: in the low-energy description, this 
results in a separation between the composite sector described in section |2.1| , and the 
elementary sector. The two sectors will only be coupled via spurions. 



Among the elementary fields are the gauge fields, which we introduce as an SU (2^ 



90 



SU (2)g^ Yang-Mills theory, with the connections transforming as 

Gofj. ' — > GqGq^Gq + — Go^^Gg, 

where (Go,Gi) G SU(2)^ With the usual power counting 



Go 



GiGinG\ H Gi(?uG|, 

91 



90,91 



the O la grangian is then simply 



;auge 



'2 {GlfiuG^'^) — - {GoniyG'^'^) . 



In the above, the field-strengths are as usual 



k/ii/ 



dfiGkf^ — dyGk^ — iQk [Ghfj_, Gku 



fork = 0,1. 



(2.19) 
(2.20) 



(2.21) 
(2.22) 



(2.23) 



(2.24) 



Go 



Elementary fermions doublets directly coupled to the gauge fields of SU (2) 

SU(2)(-,^, rather than being charged under the symmetries of the techni-theory SU(2)^ x 
SU (2)^ as is the case for composite fermions x'^ (see section p.l| ). The elementary fermions 
transform as 



xl 

Xr 



(2.25) 
(2.26) 



Note that the value of B — L for elementary fermion 
and composite fermion doublets are a priori different. 
The complete O (p^) lagrangian describing elementary 
fermions reads 

Alem.ferm. = ix'^l^Df^x'' 

+ four-fermion interactions, (2.27) 



L 




if 


1] 



Figure 3: The composite and ele- 
mentary sectors decoupled. 



where 



D^.x'' = df.x" - i 



B 



- L n 1 - 

B?,^ 

2 I" 2 



75 



91 Gi^ + 



1+75 



9oGo^, > x"- 



(2.28) 



Here again, it is assumed that the four-fermion interactions are suppressed by another 
sufficiently large scale, and are henceforth neglected. At this stage, there are no couplings 
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between the composite and elementary sectors, as evidenced in figure ^, where the trans- 
formation properties of all fields introduced up to now are summarized. The full O (p^) 
lagrangian is indeed the sum of terms involving composite fields on one side and elementary 
ones on the other 

^2 — (■^SB ~l~ -^comp . fcrm . ) ~l~ (-^gaugo ~l" -^elem . ferm . ) • (2.29) 

Its invariance group is 

^natural = SU (2)^ X SU (2)^ X SU (2)^^ X SU (2)^^ X U . (2.30) 

The couplings between the Goldstone modes and the elementary gauge fields are in- 
troduced through constraints enforced via spurious, following the formalism developed at 
length in |^5|. For convenience, we reproduce here the main steps. The spurious link the 
SU(2)^ X SU(2)j:j X U(l)^_^ transformations on one side with the S\J {2)q^ x SU(2)^^ 
gauge group on the other side. We introduce the two- by- two matrices X and Y and the 
complex doublet (p. X is taken to satisfy the reality condition 

X = t^X*t'^. (2.31) 

The transformation properties of the spurious are 

X 1 — > RXGI, (2.32) 
Y I — > GoYL\ (2.33) 

I — > Goe'"^^. (2.34) 



Conditions of covariant constancy 

Df,X = d^X - m^X + igiXGi^ = 0, (2.35) 
D^Y = d^Y - mGo^Y + \YL^ = 0, (2.36) 

D^^ = d^^ - igoGof^cP + i^0 = 0, (2.37) 

are imposed on the spurious. These constraints imply the correct vacuum alignment of 
gauge connections and the coupling of gauge fields with Goldstone bosons. The solution to 
the constraints ( |2. 35 - 2. 37 ) was given in |2^: it is possible to find a gauge — which we will 



call standard gauge — where the spurious reduce to four real constants and one phase ip, 
yielding 

^Is... = e ( ; : 1 , (2.38) 
Y = e'^ I " 1 , (2.39) 




(2.40) 
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The constants ^, r]i, rj2 and C, will be considered as small parameters. For notation purposes, 
we introduce the power counting 



C,Vi,m = O (e) 



(2.41) 



The spurion C, is likely to be even smaller [^], and we count it separately. In the sequel, the 
phase (/? does not play any physical role: it can be eliminated by appropriate redefinitions. 

The standard gauge in which (2.35 -O^) hold is reached by making use of an SU (2)jj x 
U transformation, together with a SU {'2)q^^ x SU {2)^ /U {1)i_^q^ ^3 transformation, 

leaving us with an SU (2)^^ x U {1)ij^q^ ^3 gauge freedom. Indeed, in this standard gauge, 
the connections are identified as a consequence of the constraints ( |2. 35 - 2. 37 ) as follows 





s.g. 


— giGif^, 




s.g. 






s.g. 


= B'\ = 

A* Is.g. 



goGf 



(2.42) 
(2.43) 
(2.44) 



In the last equation, a new notation 6^ for the U(l) gauge field has been introduced. In 
summary, the spurious Y ,X,(j) have enabled us to reduce the symmetry from 5'natural down 
to 

^reduced = SU(2) XU(1)^. (2.45) 

•Sreduced is actually the residual the symmetry of the solution of the constraints ( 2.35| - |2.37| ). 



Y 



H C 




Xl If 
II 


L 
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S 



X 



.0 



xl 



Go 



Y 



L 




R 




E 



X 



Gi 



Figure 4: Spurion couplings in the presence Figure 5: Spurion couplings in the presence 
of composite fermions. of elementary fermions. 



The transformation properties of all fields introduced up to now are summarized in 
Figure ^ and ||, where both cases with composite and elementary fermions are presented 
separately for convenience. 

We are now in a position to write down the lowest-order terms in the full effective 
lagrangian. At leading order O (p^e'^C'^) , the lagrangian actually coincides with ( 2.2S| ). 
The interactions appear through the constraints ( p.35 - 2l37|) 



comp . ferm . 



~l~ -^gaugc ~l~ ^ 



elom . ferm . 



I constraints 



(2.46) 



Terms invariant under S'naturai (|2.30| ) other than those included in ( p.46|) will involve ad- 
ditional powers of momentum (or coupling constants) or powers of the spurious, and are 
therefore suppressed. The couplings are best evidenced by writing down the covariant 
derivative for the Goldstone fields and then injecting the solution to the constraints, given 
in p^2p4^ ). One finds 

(2.47) 



p Is.i 
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Performing the same manipulation for the covariant derivatives acting on both compos- 
ite (2.14) and elementary fermions ( |2.28| ), the same expression is obtained 



^t^XL = D^XL\,,g, = d^XL - i + go^-^b^^ xl, (2.48) 

B — L\ 

V^Xi? = D^XRls.g. = ^mXk - 150 ( y + — ^ — j &°X/?, (2.49) 

where we have removed the superscripts e and c. This is indeed the desired result: we 
recognize SM-like covariant derivatives up to a change in notation. This however does 
not imply that the couplings of the composite fermions to the elementary gauge fields are 
identical to those of the SM fermions, since the terms appearing with the free multiplicative 
factors 6l,6ji are allowed at leading order for composite fermions ( |2.13| ). 

Writing the O (p^e^C") la grangian i ^AEj ) in the same standard gauge where ( |2.38| - |2^40| ) 



hold, we obtain 

+ i^T^V^x' - m (xI^^Xr + X^^xl) 

+ hxl^^ (iSta^S + 50&°St^S - giGi^^ xl 

+ ^RX^^^ (i5]5^St + 5iSGi^St - 506° y) Xr, (2.50) 
with a standard U(l) field-strength 

b% = dX - dubl- (2.51) 

The main specificity of composite fermions at this level comes from the non-standard 5l, 
terms. It would seem that fermions with such couplings are ruled out by experiments testing 
the universality of left-handed couplings as well as couplings of right-handed fermions to 
the W^. However, one may entertain the view that there may be such fermions in addition 
to the three known generations. They must then be heavier in order to have eluded 
detection at accelerators until now, and do not necessarily constitute a full generation in 
the usual sense: the sum of B — L over these composite fermions may be non- vanishing 
As it happens, such composite fermions naturally come out heavier than the elementary 
ones: this is evidenced by the fact that we can build a mass term for them that does not 
involve spurious, as shown in ( 2. 16] ), whereas mass terms for elementary fermions would be 



suppressed by two powers of spurious |25|. On the other hand, mass-splittings appear in 
both cases only at O [p^e'^C^) since they require the spurion Y, meaning that the ratio of 
splittings to the mean mass is smaller for composite fermions doublets than for elementary 
ones. Of course, the two types of fermions may also mix since multiplication of one type 
of field by the appropriate spurion yields a field transforming as the other type of fermion. 



We will come back to the value of the trace oi B — L for elementary fermions in section 4.2 
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Such a mixing is a higher-order effect in the spurion expansion, and is expected to be small. 
The distinction between elementary and composite fermions therefore holds order-by-order 
in the spurion expansion. 

Except for the non-standard couplings 6l, <J_r of the composite fermions (or in the ab- 
sence of the latter), the lagrangian ( p. 501 ) leads to EWSB with the same tree- level relations 
as in the SM without physical Higgs particle p5| . 

3. Anomalies 

In this section, we discuss the anomaly-matching between the LEET and the underlying 
techni-theory. We perform this analysis in the general case, taking into account composite 
fermions if present. Since we will be dealing with the matching between the techni-theory 
and its low-energy representation, the introduction of the gauge symmetry SU (2)(^p x 
SU (2)q^ can be relegated to a later stage: the corresponding gauge fields only play the 
role of spectators. The same is true of the spurious. We can thus use a description involving 
only the SU (2)^ x SU(2)j:j x symmetry: we focus on the relation between the 

generating functional F R^, defined in and its expression ( |2.18| ) in terms of 
the low-energy variables. 

3.1 Anomalies of the techni-theory for low-energy symmetries 

The Noether currents of the techni-theory , Jj^ , J^-l ^^^^ introduced in ( |2.1D : they 
correspond to the global symmetries of the techni-theory that operate on the low-energy 
fields. We study their anomalous Green's functions, denoting by t a generic transformation 
in the group of low-energy symmetries of the techni-theory SU (2)^ x SU (2)jj x U (1)^__^. 
We parameterize the transformation t by the seven functions a = Q;"r"/2, /3 = /?"r"/2 
and as 

t= (^L = e^("-'3),i? = e'("+^),a°) . (3.1) 

Under a transformation t, the sources are modified according to 

Lf, ^ = LL^L^ + iLd^Ll (3.2) 
Rf, ^ *R^, = RR,,R^ + iRdf,R\ (3.3) 
S0^*i30 = i?0-aX- (3.4) 

At this point, it is useful to introduce differential operators acting on the sources in order 
to reproduce the above transformations. However, in addition to these sources, we have 
introduced the set of Goldstone fields {'ir'^\a = 1, 2, 3} in order to reproduce the low-energy 
singularities of the theory. These fields are collected in the unitary matrix S 

E = e / = cos (vr) -|- i-— sin (vr) , (3.5) 

where we have defined vr = vr^r" and vr = \/ 'k°-ti°- j ^ . We are therefore interested in a defini- 
tion of the differential operator that also acts directly on these Goldstone fields [28, ^] — as 
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opposed to it operating via the equations of motion Q. In order to reproduce the transfor- 
mation of the Goldstone modes ( p.2| ) under i, we introduce the following infinitesimal con- 
struction, explicited as the action of D (a, /3, a") on a generic functional / [S, L^, i?^, S^J] 



0. 5f 



dx < a d. 



Sf 



5/ 



+ {- {a- - n d^ + i[a-P, L.f} 



+ i a,7rr + 



sin (vr) 



-P"" cos (vr) + /?' 



.vr vr 



/27r2 



cos (tt) — — sin (vr) 
vr 



5/ 



One can check explicitly that ( p. 61) indeed yields the desired result 



,(3.6) 



(3.7) 



With these definitions, we can perform the Wess-Zumino construction in our setting: 
since we will build upon the result in the sequel, we describe this standard procedure. We 
use the differential operator D{a, f5,a^) of (3.6) to express the variation of the generating 
functional F defined in ( p.l| ) under a transformation applied on the techni- 

fields T. This variation is determined by the content of the techni-theory. Assuming the 
group of transformation SU x SU (2)^ x U linearly on the techni-fermions, 

which constitute a subset of the fundamental variables T, the action of the differential 
operator defined in ( |3.6| ) will yield a standard Bardeen variation |35, 36, 37, 39, @, 
This variation is therefore known up to a multiplicative coefficient /otT) which constitutes 
the only unknown here 



Z?(a,/3,a°)r[L^,i?^,i?0] = -^tt j dx [L^, 5°] > , 
where a standard Bardeen functional appears 



For the group SU (2)^ x SU {2)^ x U {^)b-l^ ^^^^ functional assumes the form [42| 

1 



167r^ 



(3.8) 



(3.9) 



(3.10) 



For a theory such as QCD, the value of the analogue of /ctt is known: it is equal to Nc/3 
where is the number of colors and the division by three is due to the baryon number 
of the quarks being equal to 1/3 with the standard normalization of the U (l)^^^, charges. 



We will come back to the value of the constant /ctt later in section 4.1 



One may check explicitly, using relation (3^), that the Bardeen functional in ( 3.1C| ) 
verifies the Wess-Zumino integrability conditions |25] expressing the commutation relation 
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of the algebra 

D (y,0,o) J]" [Lp,Rp,Bl] = £"''^0^ [Lp,Rp,Bl] , (3.11) 



a 



^abcjj (^0, y, Oj f^" [Lp, Rp, fiO] = 0, (3.12) 

D (0, 0, aO) 1^ [L^, i?^, fiO] = 0. (3.13) 

These consistency conditions imply that the variation ( |3.8| ) can be reproduced in the low- 
energy theory by an O [p^e^C^) Wess-Zumino action S'wz L^, R^, B^^ depending on the 
Goldstone boson fields 

D {a, /3, a°) 5wz [S, L^, R^, = - J dx {PU [L^, R^, Bf,] ) . (3.14) 

The appropriate action S'wz [^tL^, R^, i?^] is found by integration of the differential equa- 
tion (|3.14|). Under the boundary condition 



Swz[l,i^M'^M'^°] = 0' (3-15) 
one performs the standard Wess-Zumino construction ||2^ to obtain ^ 
Swz [^,Lp,Rp,B^] 
= J dxe^^'P'^B^ (j^RpE^L^ - RpL„ - i^t {dpT.) [r^ + StL^s)) 

From this formula, it can be checked explicitly, using the properties of the differential oper- 
ator (|3.6| ) that we obtain the desired variation ( |3.14 ). Since this variation does not involve 
the fields tt", and since the integration measure over the Goldstone bosons is invariant 
under the SU (2)^ x SU (2)j:j x U (l)^.^ symmetry, we immediately deduce the variation of 
the generating functional. We thus get the usual result that this standard Wess-Zumino ac- 
tion, when multiplied by the factor fcxT and added to a gauge-invariant action, reproduces 
the anomalous variation of the generating functional ( p. 81 ) . 

This is the standard anomaly-matching procedure. However, we also want to consider 
the case with fermionic bound-states in the low-energy spectrum: these will in general 
imply an additional variation of the action under the transformation t. The variation will 
involve the Goldstone fields themselves and will depend on the U(l)g_j;^ charges of the 
composite fermions as well as on their couplings. 

3.2 Variation of the determinant for composite fermions 



On the LEET side, there is a contribution from composite fermions |26, 43, ^ to the 



anomalous variation of the generating functional F \jjp, Rp, B^ under a transformation t. 

^In this SU (2) case, there is no need to introduce a fifth compact dimension: the Wess-Zumino action 
is simply the space-time integral of an ordinary lagrangian. 
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We consider a doublet of composite fermions ^ introduced in section 2J.. To make 
things more compact, we define tlie operator 2?c! depending only on seven vector sources, 
by its action on &s follows 



^fn Rfn 



X 



X 



This allows us to write the lagrangian for composite fermions as 

•^comp . fcrm . — X'^'^cX i 

provided we define the objects with carets by the relations 

t 



(3.17) 



(3.18) 



(3.19) 
(3.20) 



and we treat the Yukawa term as a perturbation. Given that the transformation properties 
for the quantities with carets are just the same as for the original ones 



*R^ = RR^R^ + \Rd^R\ 



(3.21) 
(3.22) 



one can derive the following expression for the O {p^e^C,^^ variation of the fermion deter- 
minant under a generic transformation t 



iD(a,/3,a°)lnDetPc L^,,R^,BI = {B - L) j dx Uvl 



(3.23) 



In this result, the same Bardeen functional as in 
It can be rewritten as 







Lii . Rn . B 



occurs, but with different arguments. 

(3.24) 



^ [Lfj., Rfx, + ^5L,Sii [S, L^, R^, 5°] , 

where ^^5^,5^ vanishes when both 6l and 5fi are set equal to zero 

1 



Bl, {Sr (i 



167r2 

+ 5l (i5p(stZ),s) + 



Rp, SDo-S 



+ if^L^i? 



}■ 



(3.25) 



One can see, from the transformation properties for and R^ given in (3.21) and ( 3.22| ), 
that the Bardeen variation in (3.23) will also satisfy the Wess-Zumino integrability condi- 
tions as in ( p.ll| - p?T3| ) , although this time the conditions themselves involve the direct action 
of the operator D on the vr" fields. In fact the non-standard variation ^^5^,5^ [S, L^, R^, B'^ 
given in ( |3.25| ) satisfies the consistency conditions on its own as well. Note that this remains 
true whatever the value of the parameters 5l and Sr. This means that we will be able 
to build a non-standard Wess-Zumino lagrangian reproducing the additional non-standard 
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variation Qsi,,Sii L^,, R^^, B^^ separately, which we wih need to do later. One can exhibit 
the explicit expression for such an O [p^e^C^) lagrangian Ssj^^s^^ [S, L^, i?^, according 
to 

Ss,,5n [^,Lp,Rp,B^^] = j dxe^'-P''B%(i{5LLp-5RRp) (stz^^S + EZ^^St) 

+ 5l5r (T^DpT.T.D^Y.'^ - Dp^^D^T.) ) , (3.26) 



from which it can be verified explicitly that the appropriate variation is recovered 

D (a, P, aO) Ss„s^ [S, Lp, Rp, K] = - j {(^^s„s^ K] > • (3-27) 

Notice that we have chosen Ss^^Sji in ( p. 26 ) to satisfy the boundary condition 



Ss^,5^[l,Lp,Rp,B^^] =0. (3.28) 

3.3 Anomaly-matching 



In section 3.1 we obtained the total anomalous variation of the generating functional 
r [Lp, Rp, , as deduced from the assumed properties of the techni-theory. In this same 
section, we gave the form of the standard Wess-Zumino lagrangian to be added to the 
invariant effective lagrangian so that the bosonic part of the LEET reproduced the full 



variation. Then in section we considered the case where the LEET contains composite 
fermions in addition to Goldstone bosons. We then determined the contribution of the 
variation of the fermion determinant to the anomalous variation of the lagrangian (since 
this variation in general contains S, and hence an integration over T, still has to be per- 
formed to obtain the action). In that case, on the LEET side, it is the combination of the 
bosonic variation (the variation of a Wess-Zumino-like term to be determined) and of the 
variation of the fermion determinant ( |3.23| ), which has to match the total variation ( |3.^ ) 
derived from the techni-theory. Finding the appropriate lagrangian for the LEET is indeed 
what the anomaly-matching is about. In our case, this means determining whether there 
are restrictions on the constants 5l,6r and B — L for the matching to be possible, and 
finding the form of the Wess-Zumino-like lagrangian in the bosonic sector: we will perform 
this matching at O (p^e'^C^); where the question first arises. 

With this in mind, we now consider how the variation of T [Lp, Rp, Bp^ is reproduced 
in the effective theory. Integrating over the composite fermions in ( |2.18| ), the low-energy 
representation for the generating functional T [Lp, Rp, Bp^ takes the form 



j d[S]e'^SB[S,L^,i?^,ij0]+lnDctOc[L^,ij^,B0]+O(p4)^ (^3_29) 



with the obvious definition ^sb = / dxCsB- The variation of T [Lp, Rp, Bp^ given by ex- 
pression ( 3.29| ) has to equal the one given in ( ^.81) . This is the anomaly-matching condition 



of 't Hooft p^], rephrased in the language of effective theories. 
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Focusing on the variation of the generating functional as reproduced by the LEET ( 3.2g| ), 
we use successive rewritings to obtain 

gD{a,/3,aO)gir[L^,i?^,ijO] 
= y d [S] ei'5'sB[S/LM.*«M/-B0]+lnDetX'c[*Lf.,*ij^/B0]+O(p4) 

= J (i[^eDia,p,a0)^iSsB[T.,L^,R^,B0]+lnDetA[L^,R^,B0]+O{p'')^ ^3_3q^ 

where we have renamed the integration variables and then used invariance of the Goldstone 
boson measure. This is in fact what allowed us to move the differential operator D{a, (3, a^) 
inside the functional integral, even though it also acts on the pion fields. Some definitions 
are in order: the action for the Goldstone bosons Ssb L^j^, R^j^, B^^ is split into two parts 

5'sB [^,L^,Rf^,B^] = S'inv [^,L^,R^,B^] + S'wz Lfj,, Rfj,, B^] , (3.31) 

where ^inv is invariant under a generic t transformation 

D{a, P, aO)5inv [S, L^, R^, 5°] = 0, (3.32) 

while S'wz is not. We still have to determine what its variation should be, depending 
on 5l,(5/j and B — L, in order to satisfy the requirement of anomaly-matching, if this 
requirement can be fulfilled at all. The ambiguity in the splitting ( 3.31| ) is removed provided 
we adopt a boundary condition such as 

Swz[1,L^,R^,B'I,] = 0, (3.33) 

to pin down the expression for 5wZj which we are looking for: the anomaly- matching will 
be satisfied if we can solve for 5wz- In connection with this problem, we point out that a 



related analysis has been performed in geometrical language in |45]. 



Retaining terms in (|3^ ) that are linear in the parameters of the transformation a, (3, a 



and using the low-energy representation for T [L^, R^, , we arrive at 

= y"d[S]e''^SB[S,L^,i?p,B0]+lnDet2?c[LM.-RA..-B0]+C>(p4) 

X {X [S, L^, R^, + O (/) } , (3.34) 



where X is defined through 

X [S, L^, R^, B^] 



Z)(a,/3,a°){5wz -ilnDetP^ 
D(a,/3,a°)r [L^, 72^,5°] . (3.35) 



Expanding ( |3^ ) in powers of sources, we deduce by iteration that X vanishes when 



considered as a power series in the sources. Therefore, for our purposes 

X[S,L^,ii^,50] = 0, (3.36) 
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and, from the definition for X [S, L^, i?^, S^] ( |3.35|) , we deduce wliat the variation of Swz 
must be in order to satisfy the anomaly-matching condition. Indeed, injecting the expres- 
sion for the total variation from the techni-theory ( |3.8| ) and the variation of the fermion 
determinant ( 3.23| ) into this definition for X [S, L^, i?^, , we can express the variation 



of iSwz L^, R^, under a generic transformation t as follows 

D(a,/3,a°)5wz [S, L^, i?^, 5°] = -^tt j dx [L^, 5°] 



B- L) dxlpn 



Lfj,, Rfj,, B^ 



(3.37) 



One may rewrite this using the separation ( |3.24| ) between standard variation Q [L^, R^, B^^ 
and non-standard variation ^5^,5 [L^^ , -R^^ , . We have already discussed the Wess- 
Zumino integrability conditions for both pieces in ( |3.37 ) in sections 3.1 and The 



outcome was that it is possible to build a lagrangian reproducing the variation represented 
by each of these two terms separately, whatever the values oi SltSr. Here we only have to 
build a linear combination of the corresponding Wess-Zumino lagrangians: the standard 
one and the non-standard one. Indeed, a particular solution to this non-standard Wess- 
Zumino problem is given by 

-^wz [^,Lf^,R^,B^] 

= {kTT + B-L) Swz [S, L^, R^, 5°] +{B-L) 85^,5^ [S, L^, i?^, . (3.38) 

The boundary conditions for both terms in the last equation are given in ( PD and (|33^ ): 
they imply that our construction automatically verifies the initial condition ( |3.33| ) we have 
chosen. 

Thus, equation ( 3.38| ) indeed gives us an action S'wz satisfying ( |3.37 ). This shows that 



the anomaly-matching condition can be solved whatever the value of 5l,5r and B — L, and 
that there are therefore no restrictions on these constants. In addition, we have obtained 
the expression of the non-standard Wess-Zumino lagrangian to be added to the bosonic part 
of the effective lagrangian in order for the total variation of the generating functional to be 
recovered. Our result obviously accounts for the case without composite fermions as well, 
as can be found by setting B — L = in equation ( 3.3^ ). The low-energy representation of 



the generating functional T reads, with the various pieces introduced above 

Coming back to the assumed transformation properties for the composite fermions, we 
may also consider the case where the left and right-handed fermions have transformation 
properties others than those given by ( 2.11] ) and ( p. 12 ). Except for an interchange between 



the left and right-handed fermions, however, other choices lead to a Dirac operator whose 
determinant is invariant. Indeed, in such cases, the left and right-handed fermions do not 
transform independently under a transformation t, and therefore there can be no anomalous 
variation of the action under such a transformation. This then entails that such fermion 
doublets do not participate in the anomaly-matching. 
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4. Anomaly-matching in a Higgs-less effective theory 



If we were to study the anomaly-matching in a theory where the Goldstone modes remained 
in the spectrum, the results of the previous section would be sufficient: there we performed 
the anomaly-matching, even in the case where there are composite fermions in the spec- 
trum. However, this is not the end of the story, when one is interested in the situation 
where the (dynamical) Higgs mechanism occurs, resulting in the removal of all Goldstone 
modes from the spectrum. 



At this stage, the gauge fields Gq^,Gi^ introduced in section and coupled to the 
other fields via spurious come into play. Indeed, the spurious introduce the proper iden- 
tification between the gauge fields and the chiral sources L^, R^, B^, which appeared 
directly in the discussion of anomalies. The situation is analogous to that of xPT, where 
the global anomalies derived from QCD have to be reproduced by the LEET. This is the 
anomaly-matching discussed in the previous section, which is implemented by adding a 
Wess-Zumino term in the LEET, with particular care paid to possible composite fermions. 
However, we are interested in theories of EWSB where all Goldstone modes can be gauged 
away and the electroweak gauge bosons get their masses. We will require that the techni- 
theory be such that this indeed happens: the lagrangian can then be rewritten in terms 
of variables not involving Goldstone fields anymore. Consequently, we have to study field 
redefinitions related to gauge transformations in order to determine whether the E field 
can be eliminated. Anomalies will play an important part in the discussion at O (p^) and 
higher orders. As it turns out, the conclusion will be that such a redefinition is impos- 
sible unless anomalies for the low-energy symmetries of the techni-theory vanish, that is, 
/ctt = 0. This is a general condition on the techni-theory itself. 

This result is the same whether or not the techni-theory produces composite fermions. 
Indeed, neither B — L nor the non-standard couplings 6l,5ii will ever appear in the ma- 
nipulations to be performed: using the result of the anomaly-matching of section ^, the 
question is phrased in terms of the content of the techni-theory itself, instead of the low- 
energy variables. Concerning elementary fermions, the consequence will be that the trace 
of B — L over these elementary fermions has to vanish. 

4.1 Anomaly obstruction: the composite sector 

We focus on the definition of the unitary gauge using field transformations, in order to 
check whether the tt" fields can be eliminated from the action. These redefinitions of 
course rely on the gauge invariance of the action and we ask what is their effect in presence 
of anomalies, that is, if the constant k^T appearing as a multiplicative factor in front of 
the anomalous variation of the generating functional for the techni-theory (^^) is non- 
zero. We will again study this question at the first order at which it appears, that is 
O {p^e^C^Y Taking into account possible composite fermions, but not elementary fermions 
in this section, we can in fact once more work at the stage before the gauge fields Gq^, Gi^ 
are introduced, as we will see. 

We work at the level where the fermions are integrated out to yield a determinant, 
allowing us to focus at first on the bosons. We will briefly come back to the field redefini- 



-18- 



tions for the composite fermions in section ||. For the case at hand, we will consider the 
action S" [S, L^, i?^, 



S [S, L^, Rfj,, B^] = 5inv [S, L^, Rfj,, B^] + Swz [S, L^, i?^, -B°] 



ilnDetP, 



(4.1) 



which occurs in the low-energy expression for T [L^, R^, B^^ ( 3.3S| ). Integration over the 



gauge fields will be performed at a later stage. However, one has to keep in mind that 
the three vector sources i?^ will be identified with the dynamical fields Gf^, hence a field 
redefinition involving these sources can absorb the three Goldstone bosons, while the three 
sources only contain one dynamical field = goG^^, and therefore cannot be used for 
the same purpose. The assumed disappearance of the Goldstone modes from the spectrum 
means that the action can be rewritten in terms of only seven vector sources, but from 
the reasoning above, we see that we need only redefine the Rfj, sources. We will explicitly 
use the following definition in order to obtain a new set of vector variables invariant under 
the SU (2)^ symmetry 

giWf, = iSZ^^St = Si?^St + iSa^St - L^, (4.2) 

and perform the change of variables 

{S, L^, Rfj, {S, L^, giWfj, 5°} . (4.3) 

The possibility to define the action in terms of variables invariant under the gauge symmetry 
is a consequence of a well-known aspect of the Higgs mechanism — the screening of the 
gauge charges. The question is then whether, using the general writing 

5[S,L^,i?^,sO] = , (4.4) 

where the h functional a priori depends on S, we find or not 

= 0. (4.5) 

Again, to avoid ambiguities in the separation ( [4.4D , we impose the condition 

/i[l,L^,gil^^,S°] = 0. (4.6) 



We first make use of the fact that (4^) is formally a gauge transformation. Indeed we can 
write 

giWfj = ^Rfj - L^, (4.7) 

with the transformation parameter chosen to depend on the Goldstone fields in the following 
manner 

w = (L = = S,a° = 0) . (4.8) 
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This would indeed be sufficient if only the invariant part in the action ( [4.1[) was present, 
as we have 



5inv = 5inv [l,giW^ + L^,L^,Bl] . (4.9) 

Note that we really are only performing field redefinitions and not fixing a gauge |4£, 47 1, 
therefore there will be no conflict with the fact that we have to choose a particular gauge to 
later solve the constraints on the spurious, as done in section 'L2: the gauge transformations 
are merely invoked to guide our reasoning. 

We can now study the consequences on the total action S. In fact, we first consider the 
case of infinitesimal vr*^ fields and use the result of the anomaly-matching for an infinitesimal 
transformation 

D (a, /3, aO) S [E, L^, R^, = -^tt j dx (/3J^ [L^, R^, B^] ) . (4.10) 



We next inject in this relation the infinitesimal version of the chiral transformation ( [4.q ) 
used above in order to eliminate the Goldstone fields from the even intrinsic-parity terms. 
This transformation assumes the form 



(^L = l,i? = l + i^ + O(^2),a0 = 0^ , (4.11) 



where the Goldstone fields vr were defined in ( |3.5| ). Injecting ( [4.11| ) into ( 4.10 ) and reshuf- 
fling the terms, the result (p^ ) can be recast in a form more useful for our purposes 

S[^,L^,R^,Bl] = S[l,L^,giW^ + L^,Bl] 



+ 



j dx {irn [L^, giW^ + L^, ) + O (vr^) . (4.12) 



2/ 

We can identify the part independent on the Goldstone boson fields 

f[L^,giW^,Bf,] = 5[l,L^,giVF^ + L^,i?0] , (4.13) 
whereupon we see that the power series of h in powers of tt"" begins with the linear term 

h [S, L^,g,W^, 5°] = y"dx {nn [L^,giW^ + L^, 5°] > + O (tt^) . (4.14) 

The only possibility for this functional to be independent of the Goldstone modes is then 
to have 



kTT = 0, (4.15) 

that is, if the symmetries of the techni-theory that are operative on the low-energy degrees 
of freedom are anomaly-free. In that case only can we get rid of the Goldstone fields via 
field redefinitions. We now show that this remains true for finite values of the Goldstone 
fields. 
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If condition ( [4.15| ) is met by the techni-theory, we can show that the field redefini- 
tion ( |4.2| ) does ehminate the Goldstone boson field in the finite case as well: we then 
have 



= S[^,L^,R^,B^^], (4.16) 

where, in the last step, we have used the absence of anomalous variation of S [S, L^, i?^, B'^^ 
in ( [4.10|) when k^T = 0. The functional h [S, L^^giW^^ S^] , defined in (0), is then found 
to vanish, concluding our proof. 

To summarize the main result of the present section, we recall that the condition that 
the Goldstone modes do not appear in the spectrum requires the absence of anomalies 
for the low-energy symmetries of the techni-theory: ^tt has to vanish. If there are light 
composite fermions, the LEET must involve a Wess-Zumino-like term in order to compen- 
sate for the anomalous variation of the fermion determinant. We have shown that such a 
Wess-Zumino term can be constructed whatever the value of 5l,6r and B — L. On the 
other hand, if there are no light composite fermions, then there will be no Wess-Zumino 
term, since /ctt has to vanish. 

We have concluded that, for those Higgs-less models to which our effective description 
applies, the underlying theory has to be anomaly- free with respect to the global group 
SU (2)^ X SU(2)^ X in order for the GBs to disappear from the spectrum. 

Considering applications to technicolor models, one must keep in mind that the larger 
^natural Symmetry was not introduced in the literature. On the other hand, technicolor 
models are usually constructed to be anomaly-free under the electroweak gauge group 
SU (2) X U (l)y |4^, which is the corresponding requirement. In order for anomalies to 
vanish, one adds new particles, for instance strongly-interacting technileptons to balance 
the B — L charges of the techniquarks. The global symmetry group is then larger than 
that of QCD with two massless fiavors (i.e. than SU(2)^ x SU(2)j:j x U(l)^_2^). One 
expects this modification to be reflected in the spectrum of (massive) bound states, and 
therefore the spectral functions should a priori behave differently. Therefore, the estimates 
for the value of the S parameter (alternatively Lio), derived from QCD are not theoretically 
justified in the cases of interest for Higgs-less EWSB, since these parameters are directly 
linked with the vector and axial spectral functions [lO|] . 

We stress again that, using the result from the anomaly-matching derived previously, 
we did not have to deal with the couplings of possible composite fermions: these simply 
did not show up in the reasoning. As far as the Higgs mechanism is concerned, composite 
fermions may just as well be absent: the derivation would be identical. 

Actually, as far as anomalies are concerned, the main difference between composite 
fermions (if they are present) and elementary ones are concerns the trace of the quan- 
tum number B — L. Whereas for elementary fermions, '^{B — L) has to vanish (see next 
section), for composite fermions this is not necessary: composite fermions do not neces- 
sarily constitute a full generation as the SM fermions do. There is in fact an additional 



distinction stemming from the mass term ( 2.16| ): compared to elementary fermions, com- 
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posite fermions are heavier (see [|25[j) but have a relatively smaller mass-splitting within 
the doublet. Obviously, these are theoretical distinctions, and composite fermions might 
be mistaken for elementary ones in experiments, especially if (5l ~ (^/j ~ 0. 

4.2 Elementary fermions in the unitary gauge 

In this section, we consider elementary fermions, instead of the composite fermions we 
have been dealing with up to now. For these fermions, there is no anomaly-matching 
to be performed since the fundamental variables are assumed to correspond directly to 
the physical degrees of freedom at low-energy, due to the perturbative nature of their 
couplings. We thus focus on the question of anomalies as an obstruction to the elimination 
of the Goldstone modes from the action: as we shall see, the results are independent 
of our previous discussion concerning composite fermions. Elementary fermions have been 



studied in an exactly identical setting in [ 25 1 , and we only discuss additional aspects related 
to anomalies. We will find that the trace oi B — L over the elementary fermions has to 
vanish for the action to be independent of the Goldstone modes. 
We define the Dirac operator T>e 

PeX' = -^YD^x^ (4.17) 
such that the O {jP'^ lagrangian for elementary fermions is given by 

/:elem.fcrm. = F^^eX'- (4-18) 

The transformation properties of Pg under the symmetries SU (2)^ x SU (2)^^ of the techni- 
theory are trivial given that the elementary fermions on which it is to be applied are external 
to this theory, and we need only consider SU (2)^^^ x SU (2),^^ x U transformations. 
Under such a transformation r parameterized 

r = (Go = S'~^\Gi = e'('^+^), a") , (4.19) 

the variation of the determinant is given by the following expression, where we restrict to 
the first non-zero term, that is O (p^e*^) 

-W {e, if, 0°) In Det V, [goGof,, giGi^, 5°] 
= {B-L) j dx {^n [goGo^, giG^^, > . (4.20) 



The Bardeen functional 17 occurring here is the same as appeared previously in ( p. 10 ) albeit 



with different functional arguments. We may explicitly display its expression as 

^ [50^0^,51^1^, B°] = j^e^^-'P^Bf^^ {godpGo^ + gid^Gi^ - mgi [Gop, Gi^]) .(4.21) 

We now turn to the field redefinitions required to obtain the unitary gauge variables 
for the bosonic sector. Since the elementary fermions do not transform under SU {2)j^ but 
rather under SU(2)(^^, we have to redefine the Gi^ fields rather than the sources as 



we did in (4.2) in order to absorb the three Goldstone bosons. We would like to perform 
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the field redefinitions at the level of the full covariant lagrangian, that is, regardless of any 
gauge choice. Notice that the real spurion X, connecting i?^ and 51 Gi^ can be decomposed 
as 

X = C{x)U{x), (4.22) 



where ^ (x) is a real function and U S SU (2). The appropriate redefinition of the fields 



that absorbs the matrix E into the three vector fields W," is then 



51 = iSC/Z)^ (u^^^^ 

= iSC/5^ (c/tst) + 5iSC/Gi^C/tst - L^, (4.23) 



instead of the definition previously given in ( |4.2| ). On the space of solutions of the con- 
straints D^X = the two definitions are actually identical. Indeed, the constraint of 
covariant constancy applied on the spurion X, results in ^ being a constant and in 

D^U = d^U - iR^U + igiUGi^ = 0, (4.24) 

yielding 

= W^. (4.25) 

This result is true as it stands, due to the constraints, and without any gauge choice. We 
notice that the field redefinition ( [4.23 ) is again formally a gauge transformation, but this 
time it is a particular case of a r transformation as introduced in ( 4.19 ) — as opposed to 
a t transformation ( |3.1[ ) — with parameters depending on the Goldstone and spurion fields 



A = (Go = 1, Gi = SC/, a° = 0) , (4.26) 
so that we can rewrite ( [4.23 ) as 

51 = gi^Gi,, - L^. (4.27) 

To study the consequences of the field redefinition ( 4.23| ), we use the outcome of the 
integration 

y d [x'^] e^'^*^^^'^'=[^°*^°'"'^^'^^'"'^°]^° = ^"^^'^^'^A9^^^o^l■,g\Gl^^,B°] ^ (4.28) 

and proceed as in section 4.1. We start with the case of an infinitesimal vr field and 
infinitesimal k of the same order defined as 

U = e'7. (4.29) 

Application of an infinitesimal transformation then yields 

-W {9 = ^^^^ = = 0) InDetPe [5oGo^,<7iGi^,i?°] 

= I dx((7r + K)0[5oGo/„5iW^ + L^,S°]> 

+ O (7r^ VTK, K^) . (4.30) 
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This shows that it is impossible to absorb the Goldstone boson fields in the action unless 
the trace of B — L over elementary fermions vanishes. To deduce this, we have used the 
fact that there can be no cancellation between ( [4.30| ) and (4.12): the anomalous variation 
of the determinant for elementary fermions must vanish by itself in order to get rid of the 
Goldstone modes. Thus we must impose for consistency 



E {B-L) = 0. 

elementary fermions 



(4.31) 



One then checks that the field redefinitions do also work for finite transformations. Usu- 
ally, the condition ( 4.31| ) derives from the requirement of renormalizability of the the- 
,|5C 



ory [|9 



51], which is not of an obvious relevance within the present framework of 
LEET. Nevertheless, this relation reappears here as a necessary condition for the Higgs-less 
symmetry breaking mechanism to occur. 

Finally, in order to write the action in unitary gauge at the level of the functional 
integral for fermions, we may, in addition to the field redefinitions in the bosonic sector, 
introduce the following redefinition for fermions 



xl 

Vr 



Xr- 



(4.32) 
(4.33) 



This is in fact the definition implied by the transformation A ( 4.26 ). The new variables 
are invariant under the SU (2)^ x SU (2)^^^ symmetry, as are the fields: this is indeed 
the purpose of these redefinitions 



rR 



R 



Goe- 



2 



' 2 



"rR. 



(4.34) 
(4.35) 



Since the lagrangian for elementary fermions (2.27), as well as the fermionic integration 
measure are both invariant under the transformation A, we have 



d[x' 



(4.36) 



The conclusion is then that the lagrangian in the unitary gauge is directly obtained via the 
replacement 



(4.37) 



5. Triangles in the unitary gauge 



We now wish to introduce the corresponding redefinitions for composite fermions in the 
unitary gauge. They should be such that the composite fermion fields are invariant un- 



der SU(2)^. Therefore, we set, using the uj transformation from (4.8) 

^R 



Xr — Xr, 



(5.1) 
(5.2) 
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which indeed yields 



^ = Le-i'^^Vi, (5.3) 

^ '^R = Le-'^^'^R, (5.4) 

as desired. 

Of course, the determinant of the Dirac operator V^. defined as V^. [S, L^, i?^, = 



is not invariant under the uj transformation. However, due to the absence 
of anomahes for the whole techni-theory (/ctt = 0); this variation is compensated by that 
of the Wess-Zumino term. Hence we can rewrite ( [4.16| ) in the form 



where we have used the boundary condition ( 3.33| ) for S'wz- The outcome is again that we 



merely have to perform the following replacement in the lagrangian 

^ {v^m,l^,5iVF^ + l^,bO}, (5.6) 

in order to obtain the lagrangian in unitary gauge. 

It is in fact quite natural to work in the unitary gauge for such effective theories: this 
has the additional advantage that the Wess-Zumino-like term vanishes in this gauge, due 



to the boundary condition ( 3.33 ). We therefore use this gauge for the following discussion 



of anomalous triangular diagrams: we can write 

'dp] e^S[jl,L,,R„Bl] 



= j '^=''^SB[t,L^,,g^Wt,+L^,,Bl]+^'^V^[l,L^,g^W^+L^,^^^^ j^^^^-j 

where the integration over S has been performed, yielding a constant factor since the action 
does not depend on these fields anymore. 

To determine the anomalous contribution of fermion triangles to the three-point func- 
tions of the techni-cur rents, we may proceed as follows: first one uses the expression for the 
techni-currents in terms of the low-energy variables. These are obtained by considering 
the full lagrangian in a generic gauge, taking the functional derivative with respect to the 
sources ^, and then injecting the solution to the constraints in the standard gauge to 
make the field content explicit. When this is written in terms of unitary gauge variables, 
we obtain ^ 

, /Vf2 _3 3 

gi I I 

Jl"" = -^W^ + — 6LrLYr^n + 71 (1 - rRYr^^h (5.9) 



^While the currents are perfectly sensible in the techni-theory, their expression in terms of low-energy 
variables would be of little use in the present framework since the corresponding sources are identified 
with the SU (2) gauge fields giC^. 

^The necessary diagonalization for vector fields was described in pSj. 



-25- 



where 



7 



90 
91 



(5.10) 
(5.11) 



We can then express, following [^] , the forward matrix element of these currents between 
two asymptotic fermion states described by spinors u' and u satisfying the massless Dirac 
equation, with identical momentum p 



{u',i,p\jl''{0)\u,j,p) = u'YJtjU, 



(5.12) 



where J°' is a two by two matrix representing the charges associated to the Noether cur- 
rents J'^ (the indices z,j distinguish between the upper and lower component of the dou- 
blet). 





Figure 6: Direct contribution to the matrix 
element. 



Figure 7: Indirect contribution to the ma- 
trix element, involving the emission of a vec- 
tor boson. 



To calculate this, we must take into account two contributions: one coming from a 
direct contraction of the external spinors with the last two terms in ( |5.8| ) or in ( |5.9| ), as 
depicted in Figure |6|, and one where a massive vector propagator is involved, as in Figure 
1^ However in this last case, the propagator is taken at A; = 0, and this results in a local 
term. The matrix element of ( |5.12| ) is then given by the sum of the two terms. In the 
second graph (Figure 0), the longitudinal polarization of the vector propagator does not 
contribute, as can be seen by making use of the massless Dirac equation. Calculation of 
this last diagram requires the expression for the interactions of composite fermions with the 
vector fields. This is obtained by injecting the solution to the constraints in the standard 
gauge into the lagrangian for composite fermions ( 2.13| ), rewriting in the unitary gauge and 
then diagonalizing the vector fields, to arrive at 



comp 



T -7^ 



9\ 



(5.13) 
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with 

Q = y + (5.14) 
e = (5.15) 

Vat + 9t> 

Setting 5L = 5R = ^\n (|5l^ ), one may check that the same tree-level couplings of fermions 



to vector fields as in the SM are recovered. As announced before, 5l and 5r respectively 
allow for non-universal couplings of left-handed composite fermions and for couplings of 
right-handed composite fermions with respectively. With these results in mind, one 
finds that the forward matrix elements of the type ( p. 12 ) have a vector structure and do 
not involve the anomalous 6l, 6r couplings 



J- = ^. (5.17) 

The same is true of the matrix elements of the electromagnetic current. Thus, triangle 
diagrams with composite fermions running around the loop do not generate any anoma- 
lous contribution to the three-point functions of the techni-currents and electromagnetic 
currents. There are no other possible anomalous contributions to these Green's functions 
in unitary gauge since the Wess-Zumino term 5'wz occurring in the right-hand side of 



vanishes due to the boundary condition (|3.33| ) . This result agrees with that of section [4.1| , 
which stated that the Green's functions of the techni-currents must be anomaly-free, other- 
wise we would not have been able to absorb the Goldstone bosons when defining the unitary 
gauge in the first place. The effects oi 6l and Sr will then only be visible for 7^ in 
figure 0. 

On the other hand, we still have to investigate the contribution of triangular diagrams 
to the three-point functions of the gauge bosons: anomalies were first encountered in this 
context in the literature. Expressing the couplings of fermions to gauge bosons in unitary 



gauge as given by (|5.13D in terms of the following building blocks 

i° = ^V^T/.V'', (5.18) 

f, = V^7^ YV'^ (5.19) 

i^'" = V^7/.75y^^ (5.20) 

one can give the expression of the triangle contribution to an effective triple gauge boson 
interaction in terms of one single function T^jyp (see ||2^) containing the full information 
about the triangle 

(2^)^5(4) ih + k2 + h) T^up {h,k2, h) 

dxd2/dze-('=-^+'=-^+'=3-^) (0 |rjO (x) j3 iy)f/ {z)\0) . (5.21) 
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Defining 

we get in momentum space the following trilinear terms 

X {D^^^A^ {-k2 - h) {k2) W-P (ks) + {k2) W+P (fca)) 

+ D^^^ZP {-k2 - h) {k2) W^P (fcg) + W-"" {k2) W+P (fcg)) 

+ D^^^ZP {-k2 - h) Z- (k2) ZP (ks) 

+ jjZAZ^f^ _ 

+ ZJ^^^^M _ A'^ {k2) ZP (fcg) 

+ quadratic terms and higher powers} , (5.23) 

corresponding to the triangular diagrams. In ( ^.23| ), the D constants are determined as 
linear combinations of only two constants 

D^^^ = (4 - (1 - 5,f) , (5.24) 



D^^' = {^R + 5l - 1) , (5.25) 



by the following relations 

jjzww ^ _^dAww^ (5 26) 

j^zAZ ^ _^dAAZ^ (5 27) 

D^^^ = (1 + 7^) I)^^^ - ^D^^^, (5.28) 

D^^^ = -7 ((1 + 7^) I)^^^ - 7^^^^) . (5.29) 

Thus we find that these loops do in particular generate trilinear interactions between neu- 
tral electroweak vector bosons. The implications of anomalies and of the parameters 5l, 



on these interactions may then be studied following [52, 53, 54, 55 1. Let us just point out 



that anomalous contributions from each doublet would vanish if ^ 

Sl + = 1. (5.30) 

Note that renormalizability order-by-order in the sense of Weinberg Q is not lost: on 
the contrary, we have seen that the three-point function of the techni-currents obey the 
appropriate transformation properties as deduced from the techni-theory, and which serve 



*There is no contradiction with the fact that elementary fermions have Sl ~ 5r = at this order: for 
elementary fermions, the absence of anomalous contributions to three-point functions of the electroweak 
vector bosons follows from the condition on the trace of _B — L. 



-28- 



as a guide for the construction of the effective lagrangian. On the other hand, we find that 
there are in general anomalous contributions to three-point functions of electroweak vector 
bosons. It should be stressed that there is no confiict here: the symmetry of the techni- 
theory on which the LEET hinges must be anomaly-free, and the generating functional 
must reflect this. On the other hand, the symmetries whose currents are coupled to the 
elementary gauge bosons may be anomalous. Since the effective theory framework is not 
based on the requirement of renormalizability in the usual sense, this does not endanger 
the consistency of the theory. 



6. Conclusion 



In this paper, we have investigated the minimal low-energy effective theory description 
of EWSB, where renormalization proceeds order-by-order in the momentum expansion 
instead of the usual renormalization order- by-order in powers of the coupling constants. 
In particular, we have analyzed the relation implied by the anomaly-matching between 
the efi^ective theory operating with low-energy degrees of freedom (Goldstone bosons and, 
possibly, light composite fermions) and the fundamental 'techni-theory', representing the 
unknown ultra-violet completion of the LEET. 

We have derived a necessary condition, which the techni-theory has to satisfy in order 
to allow all Goldstone modes to be removed from the spectrum by the Higgs mechanism: 
symmetries of the techni-theory under which the low-energy degrees of freedom are charged 
must be anomaly-free, that is k^T = in the notation of section |3|. This conclusion is true 
independently of the presence of composite fermions: the anomaly-matching allowed us to 
phrase the question directly in terms of the underlying techni-theory. Technicolor models 
are usually constructed to be anomaly- free |48|. The relevant question is then how the 
restriction /ctt = modifles the spectrum of low-lying bound states as compared to QCD 
in which A:tt = Nc/3. Beyond such models, translating the restriction /ctt = in terms of 
the fundamental variables of a generic techni-theory is far from obvious: to achieve this, 
one would have to go beyond the effective theory. 

Concerning the anomaly-matching, we have extended the construction of the Wess- 
Zumino effective lagrangian to the case where the low-energy sector contains composite 
fermions in addition to Goldstone bosons. This turns out to be possible whatever the 
values of the U charges of the composite fermions, and for any values of their 

non-standard couplings 6l,5fi- Consequently, there are no restrictions on these couplings. 
The possibility of having an (incomplete) fourth generation of fermions, which would be 
composite is thus theoretically open. 

Within the spurion formalism developed in |25], the distinction between composite 
and elementary fermions is unambiguous: since the composite and elementary sectors of 
the theory are coupled only via spurious, the mixing between composite and elementary 
fermions is an effect of higher orders in the spurion expansion. Qualitatively, the exclusive 
properties of composite fermions should be: i) the non-standard couplings 6l, 5r describing 
a violation of universality of left-handed couplings to electroweak vector bosons, as well 
as right-handed couplings to W^, ii) a relatively large mean mass m of the doublet and a 
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splitting within the doublet Am <C m, iii) no restriction on B — L, that is, a possibility to 
have incomplete composite fermion generations. These properties practically exclude the 
interpretation of known fermion doublets as composite in the above sense. We have also 
shown in section |5| that composite fermions would indirectly manifest themselves in the 
triple boson vertices induced by anomalous triangular graphs. Only composite fermions 
that have + ^J? 7^ 1 can contribute to such graphs. 

Elementary fermions necessarily have 5l = = at the leading-order of the spurion 
expansion. They do not participate in the anomaly-matching, being exterior to the com- 
posite sector. Nevertheless, as shown in section ^, one recovers the usual condition that 
the trace of B — L over elementary fermions vanishes. The reason for this is not the usual 
requirement of renormalizability, but rather the assumption that all Goldstone modes are 
removed from the spectrum by the Higgs mechanism. The whole effective theory can then 
be consistently formulated in the unitary gauge. 
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